Abstract. The supersymmetric path integral is constructed for quantum mechanical models on flat space as a supersymmetric extension of the Wiener integral. It is then pushed forward to a compact Riemannian manifold by means of a Malliavin-type construction. The relation to index theory is discussed.
Introduction
An interesting new branch of mathematical physics is supersymmetry. With the advent of the theory of superstrings [1] , it has become important to analyze the quantum field theory of supersymmetric maps from R 2 to a manifold. This should probably be done in a supersymmetric way, that is, based on the theory of supermanifolds, and in a space-time covariant way as opposed to the Hamiltonian approach. Accordingly, one wishes to make sense of supersymmetric path integrals. As a first step we study a simpler case, that of supersymmetric maps from R 1 to a manifold, which gives supersymmetric quantum mechanics. As Witten has shown, supersymmetric quantum mechanics is related to the index theory of differential operators [2] . In this particular case of a supersymmetric field theory, the Witten index, which gives a criterion for dynamical supersymmetry breaking, is the ordinary index of a differential operator. If one adds the adjoint to the operator and takes the square, one obtains the Hamiltonian of the quantum mechanical theory. These indices can be formally computed by supersymmetric path integrals. For example, the Euler characteristic of a manifold M is supposed to be given by integrating e~L, with over periodic φ's and ψ% φ being a map from S 1 to M and ψ being its fermionic counterpart [3] . These formal considerations have given rise to a rigorous method of computing index densities by means of a quadratic approximation to the operator, which is in fact independent of any considerations of supersymmetry [4, 5] .
There is an intimate relation between supersymmetric quantum mechanics and the geometry of loop spaces, as was noted by Atiyah and Witten in [11, 15] . (The reader may wish to look at [11] to understand some of the constructions in the present paper.) They remarked that the generator of the supersymmetry transformation (in the Lagrangian approach) can be formally represented by d + iâ cting on differential forms on the loop space ΩM of M. The super Lagrangian (for N=\/2 supersymmetry) was identified as E + ω, where E is the energy of a loop and ω is the natural presymplectic form on ΩM. The formal application of the Duistermaat-Heckman integration formula gave the identification of the Feynman-Kac expression for the index of the Dirac operator with the index theorem expression (as an integral over M). This shows a connection between the cohomology of loop spaces and the Wiener measure. We do not explore this question, but instead study the supersymmetric path integral as an object in its own right. We wish to show that the supersymmetric path integral can be rigorously defined. This is done by means of a Malliavin-type construction, after the flat space supermeasure is constructed by hand. The organization of this paper is as follows:
Section I consists of a construction of the fermionic (Berezin) path integral. Section II uses this to construct the N = 1/2 supermeasure for supermaps of R 1 to a flat space. Section III does the same for N=l supersymmetry with superpotential added and shows the superinvariance of the supermeasure.
Section IV proves an index theorem for the operator corresponding to the supercharge of the previous section, namely e v de~v + e~vd*e v . This is done by first performing the fermionic integral explicitly. The answer obtained is the same as from the corresponding zeta function determinant, but with the relative sign fixed. Then a semiclassical approximation is done, which in this case is equivalent to the scaling of V used in [15] . We show that the quadratic approximation then gives the exact formula for the index.
Section V extends the JV = l/2 supermeasure to the case of an arbitrary compact spin manifold M. First, the supermeasure is considered as a linear functional on the superfunctions on the supermanifold of maps from S 1 ' 1 to M, which is formally shown to be the cross-sections of the Grassmannian of the tangent bundle of ΩM. The algebra of observables and its supermeasure are constructed using the Cartan development. Superinvariance is shown and the corresponding Hamiltonian operator is shown to be the square of the Dirac operator. In terms of forms on ΩM, the algebra of observables is generated by the pullback of Λ*M under yeΩM^γ ( '] co to be φ(x)e ι for some </ > e C^(]R), with 0^0, supp0C[α,fo] and J 0 = 1. The Einstein summation convention is used freely.
I. Fermionic Integrals
The fermionic integral given here is based on the work of [6] , with some modifications. Let V be a real 2n-dimensional inner product space and let M be an invertible skew-adjoint operator on F. Consider M also as an element of Proof. See [7] .
• We wish to generalize this integral to the case of an infinite-dimensional Hubert space. Clearly, it no longer makes sense to pick out the highest term in Λ*(V). However, it is possible to rewrite the finite-dimensional integral in a way that will extend to infinite dimensions. Put tp(ι ) = a*(v) + α ί ---v I, and let stf F be the Banach subalgebra of A F generated by {ψ(v)}. Define the normalized Berezin integral on srf F by \v\ -(j\) F (The use of a CAR algebra here has nothing to do with the use of CAR algebras in Hamiltonian formulations of fermion theories.)
When one wishes to quantize Majorana fermions, the above applies when the Euclidean Dirac operator is real and skew-adjoint, that is, in spacetime dimensions = 0,1,2 (mod 8), and one avoids the fermion doubling problem of [6] . 
II. The Free
Definition. The supersymmetry transformation S is a densely defined (graded) derivation on l} ( 
F. •
This shows the supersymmetry of the vacuum state of the free theory. We will also need the supersymmetric state given by making time periodic of period β. This requires considering the conditional Wiener measure on paths from a point to itself, and then integrating over R 2w . In the preceding, because of the masslessness of the fields, it was natural to restrict to fermion fields of the form ψ(f)(0) = 0. This restriction can be evaded by using the fact that only sέ F expectations are taken and the rest of A F does not matter. Thus the Hubert space used to define A F can be varied provided that the ψ fields are changed accordingly. Grassmann algebra J/ F >. Let < ) F , denote the linear functional on $ί Έ , induced from the Fock state on A F >.
Proof. By Wick's theorem, it suffices to show Now 
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-00 -co Δ It follows that L^rfμl^ b] )® J/ F , has the supersymmetric linear functional < > 5 ®< } F '. The point of using stf F . is that one can consider ψ(g) with JgφO. Henceforth J/ F , and < } F , will be used exclusively and the primes dropped.
We can now give the Hamiltonian version of the fermion path integral. In one spacetime dimension the fermion Hamiltonian vanishes and all that matters is the factor ordering.
Definition. Let {e i }f n = l be an orthonormal basis for R 2M and put so that y| π +i = l. and so
Let dμ xyβ be the conditional Wiener measure on {y4e 
(S):(y(υ)S)(x) = γ(v)S(x
(The trace is on the Clifford algebra component.)
Proof. This follows from Proposition 4 and the Feynman-Kac formula for the Laplacian, as on R 2n , $ 2 acts as V^V and commutes with Clifford multiplication.
• Note. The appearance of the y 2n + i i n &e Corollary is to ensure that the fermionic integration is over formally periodic fields on [0, /}]. If all the fields are periodic then the Lagrangian is formally superin variant, and one might expect that < }χ, Xtβ is superinvariant. However, this is not the case. For example, with n = l, The superinvariance is only recovered when one can integrate over x.
III. The N= 1 Supersymmetric Field
The Lagrangian for N = 1 supersymmetry is For the case when time is periodic we will not measure the F field and so integrate it out immediately. By writing ψ 1 (g) + ψ 2 (g') as ψ(g(Bg') 9 construct the algebra stf F generated by (tpi(g)} and {ψ 2 
with Tή +1 = β and ^ϊ m+1 = 0 F . Then, by Proposition 5,
with 7^+j =β. By the Feynman-Kac formula for tensor fields [8] , this equals the RHS of the desired formula when
Ά ψV\ 2 {Ά) \\VV\\A).
On the other hand, 
S ι β $f(T)G(A(T))dT=ψ 1 (f(T)VG(A(T))),
0
S 2 f f(T)G(A(T))dT= ψ2 (f(T)VG(A(T))),
0
S 2 Ψi(g)= -iUi(T), VV{A{T))ydT,
') = ij <g'(
IV. An Index Theorem
As a simple example of how supersymmetry is related to index theory, one can prove a Morse-type theorem on R 2 ". To do a semiclassical analysis, one must add an explicit factor of h to the path integral by changing L to -L. The only effect is to multiply free vacuum 
d j V)(A)dT
T,h
Because the fermion fields are quadratic in the exponential, the fermion integral can be evaluated explicitly. 
V. Compact Manifold
Let M be a compact 2n-dimensional spin manifold with spinor bundle S. The standard Brownian motion is a measure on M = [S 1 ,M]°. To form the super analogue it is necessary to look at certain supermanifolds. We recall from [10] that R pq is the superspace over R p with q Grassmannian generators; that is, the ring of superfunctions over R pq is C°°(lί
. S Uq is the analogous thing over S 1 . We will want to consider a supermanifold of maps from S 1 ' 1 to M. Let [i4,5] reg denote the space of maps between supermanifolds A and 5 as defined in [10] , that is, homomorphisms from the superfunction sheaf over B to the superfunction sheaf over A. As this is not a supermanifold, following folklore we define [Λ#] 
Ug(T)dG(y(T))dT, μ(T)dH*(y(T))dn = ^g(T)h(TKdGJH)(y(T))dT.
Here By the GNS construction, J* is represented on a Hubert space Jf. Let G be the closure of 0$ in J5(j-f) and let stf be the subalgebra of G generated by Banach manifold and consider its C 00 differential forms [13] . These will look like the exterior products of vector-valued measures over each curve y e ΩM. We expect that the algebra stf will contain all such forms which are exterior products of vector-valued L 2 functions along each y. -J ~G{y{T) for any continuous function / on ΩM which is identically one in a neighborhood of the constant loops. Thus the index density becomes concentrated near the constant loops and can be evaluated in a quadratic approximation as in [4, 5] . From the Feynman-Kac formula, which shows that in this case, the ft-»0 limit is the same as the /?-»0 limit of [4, 5] . 
J g(T) (dG(γ(T)\ ψ(T))dT= ] g(T) (dG*(y(T)) + \ \ sign(Γ-S)dG(y(S))ds) dT.
id + g J f(T)F(γ(T))dT= J f(T) (dF(y(T)\ ψ(T)}dT o o and (d + ij)$g{T)(dG(y(T)lψ(T)}dT=
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VI. Gauge Fields
